EECE 359 - Signals and Communications: Part 1 Spring 2014
Discrete-time Fourier transform (DTFT)
representation of DT aperiodic signhals —
Section 5.1°

The (DT) Fourier transform (or spectrum) of
x|n] is

x|n] can be reconstructed from its spectrum
using the inverse Fourier transform

x|n] = % 2 X (e?) ™ dw

The above two equations are referred to
as the analysis equation and the synthesis
equation respectively.

3These slides are based on lecture notes of Professors L.
Lampe, C. Leung, and R. Schober
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Notation:

X(ejw) = F{z|n]}
zn] = F HX (ejw)}

z[n] and X (e“) form a Fourier transform
pair, denoted by

z[n] +» X (e7)
Main differences from CTFT

1. X (e/¥) is periodic with period 27 since
e~/¥" is periodic in w with period 27.

2. As a result of the above-mentioned
periodicity, the integration for the synthesis
equation is over a finite interval (of length
277).
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Example: Determine the DTFT of h[n] =
a” ulnl,|al < 1.

Then,
H () = Za” eI
n=0
— Z (a e_]w)n
n=0
B 1
 1l—qge v
Hence,
. 1
H (/%) ] =
H (™)) V(1 —acosw)? + (asinw)?

1
V1 —2acosw + a?

A plot of |H (e/¥) | for a = 0.5 is shown
in the figure below.
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()

1 _2
1+a 3
Since .
H (/%) =
( ) l—ae ¥
1 1 —a el
— — X .
l—ae 7% 1 —ael¥
B 1—a el
1 —2acosw + a2
and

l—ae!=1—acosw— jasinw

we have

—a Sin W

Jw\ __ —1
LH(@ )—tan E——
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Example:  Determine the DTFT of the
rectangular pulse

1, |n|<N
0, otherwise.

2N

= Y edem=N)

m=0

(usingm = mn-+ N)
6ij (1 o 6—jw(2N+1))
1 —eIv

ciwN o—jw(N+3) {ejw<N+%> _ e—jw<N+%>}

e_j% {ej% — e_j%}
{ejw(N+%> _ e—jw<N+%>}

(% e i%)
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27 sin [w (N + %)}
27 sin [w /2]

sin [w (N + %)}
sin |w /2]

sin [w + %]
° w
sin [2}
Sin w cos % + cosw sin

w
2

ta W
Sln2

« CcOS % + cos w sin

2

w

2

2sin ¥ cos %

W
SlIl2

o W

= 2cC0S §+cosw

= 1+ 2cosw

Sketch X (e/¥) for N = 1 in the figure
below.
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x[n]
{ —o1 {
0
-6 4 2 2 4 6 n
X(e/®)
R S
+2
+1
| |
| |
—T 0 T w
R e T e e e

DTFT convergence issues

Recall the DTFT analysis and synthesis
equations

X ()= ), alnle™ (4)
x[n| = %/2 X (e7¥) " dw (5)
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The analysis equation (4) contains an infinite
sum.  Sufficient conditions to guarantee
convergence are:

(1) x[n] is absolutely summable, i.e.

©.@)

Z lz[n]| < oo

n=——oo

or (2) x[n] has finite energy, i.e.

o

Z z[n]|? < oo

nN=——0oo

There are no convergence issues associated
with the synthesis equation (5) since the
integral is over a finite interval. For example,
unlike the CTFT case, the Gibbs phenomenon
is absent when (5) is used.
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DTFT for periodic signals — Section 5.2

Similar to the CT case, we can express the FT
of DT periodic signals in terms of impulses.
It can be shown (see (5.19) and (5.20) in
textbook) that if the DT periodic signal

z|n] of fundamental period N has as DTFS
coefficients ay, i.e.

:E[n] — Z Q. ejk(%r)n

k=<N>

Furthermore, if we define x[n| as one basic
period of x|n], it can be shown that

1 L 2x
ak:NX(GJkN>.
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In words, (6) states that the DTFT of Z|n] is
a sequence of impulses located at multiples of
the fundamental frequency %T; the strength

of the impulse located at w = k% IS 2may..

Example: x[n] = cos (won), where wy = 2.
COSZ-—TCI/Z
3
—1
i_l6i_}4i_lzloii2|é|1i|6i -
—-1
Flcosoyn}
+ T
72[75 _lw() 0 0;0 2Lt @
1 Jwon 1 —Jjwon
COS WoN = 5 & -+ 5 €
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Fact:

eI oy O Z 0 (W — wo — 2ml)

l=—o0

Proof:
The inverse DTFT of the RHS is
L 27 i § (w—wp — 2ml) ™| dw
27T 2 oo
= Z [/ 0 (w—wo — 2ml) " dw
I— — o0 27
— pJwon

The last line follows since only one impulse is
included in any interval of length 27w. Hence,

2 - 2
COS%H & Z 5(w—§—27rl>

(©.@)

2
+ Z 5(w+§—27rl>

[=—0oc0
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Exercise: Show that

2 - 2
Singn YRS g Z 5<w—§—27rl

Plot sin (zln) and its DTFT in the figures

3
below.
ﬁnznn
3
11
Ilililloii|||||
6 4 2 2 4 6 n
— -1
JFsin wgn}
| | 0 l | ®
27 -0 ® 21
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Example: Determine the DTFT of the impulse train

x|n] = Z dln — kNJ.
k=—o00
Then,
1 27 ].
S —ik(F)n = =
aj ~ x[n] e N ~
n=<N>

and from (6), we have

N
k=—o0
x[n]
] 41 1 }
N 0 N 2N n
X(e’®)
2n
Pt
[ 0 | [ (O]
4n 2 2 4n
N N J( N N
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Some properties of the DTFT -
Sections 5.3-5.7

1. Periodicity — Section 5.3.1

The DTFT is always periodic in w with
period 2T, I.e.

X (e/er2m) = X (¢%)

In contrast, the CTFT is not generally
periodic.

2. Linearity — Section 5.3.2 — similar to CTFT
Let z[n] <> X (e/%), y[n] <> Y (e/¥).

Then,

z[n] = ax[n]+ by[n]
— Z (ejw) = aX <ejw) + bY (ejw>
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Proof: follows directly from the defn. of
the DTFT.

Example: What is the DTFT of the signal,
z|n], shown below?

z[n]
—o2
]
—4 -2 2 4 n
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3. Time-shift — Section 5.3.3 — similar to
CTFT

If 2[n] <> X (e7“), then

zln — N] < e 7N X (e7) .

Proof:

Note that when a signal is delayed by
N, the spectrum amplitude is unchanged
whereas the spectrum phase is changed by
—wlV.
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Example:  What are the DTFT's of the

signals shown below?

xqln]
12
I I—ol
ottt
4 -2 2 4 n
X,[n]
12
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4. Conjugation — Section 5.3.4 — similar to
CTFT

If 2[n] <+ X (e7“), then
z¥n] < X* (e77¥) .

Proof:

As a result, if z|n| is real, we have
X (e_j‘”) = X" (ej“)

l.e., the spectrum magnitude is an even
function of w and the spectrum phase is an
odd function of w.
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5. Differencing and Accumulation — Section 5.3.5

Differencing: Using the linearity and time-
shift properties, if x[n] <> X (e/*), then
the DTFT of the first difference signal is
given by

zln] —zn—1] < (1 —e7¥) X (V) .

Accumulation:

n

Let yn] = Z x|m] .

m=—0oo

+7X (e??) i O(w — 27k) .

k=—o0
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Example: Determine the DTFT of the
unit step sequence

I, n>0
uln]
e LT
4 2 0" 5 4 n
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6. Parseval’s relation — Section 5.3.9 — similar
to CTFT

If 2[n] <> X (e7“), then

0

1 o\ (2
P=— [ X ()] dw. (7
3 =g [ X (@) de. 1)
The LHS of (7) represents the total
energy in  the signal x|n]. The
integrand, X(ejw)]2 . in the RHS is the

energy density spectrum of x|n].
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7. Convolution — Section 5.4 — similar to
CTFT

If y[n] = x[n]* hln]
then Y (ejw) = X (ejw) H (ejw) .

Proof:
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Example: Determine the convolution of the
DT signals x[n| and h|n| shown below.

x[n]
—2
—o1
& & & 4 & I I o &
LN SN SRR A SR S B N SRR SN
4 2 2 4 n
hln]
—2
—o1
H—H—H—J—Q—?—?—Qﬁ
4 2 |Y 2 g n
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8. Multiplication — Section 5.5

If y[n] = aln]bln]

then

1

Y (ej“) — %/2 A (eje) B (ej(""_e)) do .

The RHS of the previous equation is

referred to as the periodic convolution of
A (e’¥) and B (e7%).

Proof:
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